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Abstract

Solving regional labour market discrepancies through geographical mobility has
gained increased political interest. The decision of changing job is closely related to
the decision of changing residence as either change may imply a change in commuting
cost. In this paper we set up a search model that can explain the residence and
job changing behaviour of workers. The model is a double search model, in the
sense that workers search for better jobs and dwellings simultaneously. Results
show that the interrelationship between change of job and change of residence is
very complex. However, scope for mobility inducing policies are especially found
through the housing market parameters.
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1. Introduction

In many countries, the labour market is characterized by large regional discrepancies. For
instance in Denmark, during the period 1995-2000 the highest regional unemployment rate
was twice as high as the lowest regional unemployment rate (measured at county level).
Furthermore, the discrepancies are permanent. The ordering of regional unemployment
rates is thus preserved over the business cycle, with minor exceptions. Consequently, from
a policy point of view adjustment of the labour market through geographical mobility is
interesting. The question is whether it is possible to induce labour to migrate from regions
having above average unemployment to regions having below average unemployment.

The decision of changing job is closely related to the decision of changing residence.
Job location and residence location are connected by commuting distance. If an individual
changes to a job further away, the commuting distance increases. And if the increase is
large, the individual may consider to change residence. The individual however, takes
this into account when deciding whether to take the new job.

In Denmark, the general point of view is that whereas job mobility is rather high
(high turnover rates), residential mobility is relatively low. In order to understand this,
we investigate what a theoretical model predicts about the relation between job and
residence mobility.

The aim of the paper is thus to set up a model that explains the job and residence
changing behaviour of individuals. The model is a double search model, in the sense that
individuals search for better jobs and better residences simultaneously. The labour market
is characterized by non-overlapping regional commuting areas, which is an appropriate
description of the Danish labour market (see Andersen, 2000). A regional commuting area
is defined as an area where the in and out commuting is below a certain value. Individuals
thus search for better jobs both in their current region of residence (home) and in another
region (abroad). At the same time, the individuals search for better residences in the home
region, but if they change to a job abroad they also search for a residence abroad. Based
on this framework, it is possible to investigate how job change decisions and residence

change decisions are related. The model is inspired by van Ommeren et al. (1999),



although in that model, urban areas are overlapping.

The paper is organised as follows. In the next section the theoretical model of job
location and residence location is introduced, followed by examination of the optimal
strategy based on the model in section 3. In section 4, we discuss the policy implications
of the model, with special reference to the structure of the Danish labour market. Finally,

concluding remarks are found in section 5.

2. A model of job location and residence location

The theoretical model describes the relationship between job location and residence lo-
cation from a search perspective. Search theory is relevant since it is based on the idea
of individuals moving between different states and thus fits the dynamic structure of the
problem. Furthermore, uncertainty is explicitly treated in this framework.

Individuals are assumed to search for better jobs and dwellings, maximizing the dis-
counted future flow of job utility and place utility minus commuting costs, taking into
account, the costs of changing job or residence. Job offers and residence offers arrive at
an exogenously specified rate, and these offers are then accepted or rejected instantly.

The geographical structure of the labour market is very important for the outcome
of the model. Several studies of the Danish labour market have indicated that although
Denmark is a small country, it is characterized by non-overlapping regional commuting
areas (see for instance the Ministry of the Environment, 2001, or Andersen, 2000). By a
regional commuting area is understood that people commute within the region, but only
seldom between regions. Over time, these regions are getting larger, i.e. people are com-
muting longer distances, but in 2000 Denmark could still be divided into approximately
45 non-overlapping commuting regions (see the Ministry of the Environment, 2001).

Thus, there are two geographical distinct labour markets in the model: home, A, and
abroad, a. The residence is characterized by a value, r, which measures specific dwelling
characteristics, net of costs, as well as location characteristics. For convenience we refer
to r as the place utility. The job is characterized by a value, w, which includes the wage

as well as other non-pecuniary benefits associated with the job. For convenience we refer



to w as the wage. Job and residence location are connected by the commuting distance,
z. When job and residence are in the same region, z equals 0, otherwise z is set equal
to 1. Utility, u (.), derived in a small period of time, dt, is then u(w,r, z)dt. We assume
that u, > 0, u, > 0, and u, < 0, that is utility is increasing in wages and place utility,
but decreasing in commuting distance. Furthermore we assume that the instantaneously
utility function u (w,r, z) can be divided into the utility of the wage and place utility and
a cost function of commuting, i.e. u(w,r,z) = u (w,r) — c¢(z). Utility is strictly concave
in w and r and the cost function is zero if z = 0, otherwise it is strictly positive: ., < 0,
Upr < 0, ¢(0) =0and ¢ (1) > 0.

Individuals are assumed to search both for better jobs and for better residences. Job
offers in the home region arrive with the rate p?. Individuals also search in the labour
market abroad, where job offers arrive with the rate, p;. Notice, that we do not put any
restrictions on the job offer arrival rates, i.e. whether pj is higher, equal to or less than
p;?. Residence offers arrive at the rate p,.. The residence offer arrival rate is at the same
magnitude, whether it comes from the home region or the region abroad.! However, we
assume that individuals only find it relevant to search for a new residence in the region
where they currently work. Hence, they only search for residence in the region abroad, in
case they have accepted a job there. Otherwise the residence search is directed towards
the home region. We thus assume, that moving regions is conditioned on having accepted
a job in the region abroad. In the present model geographical mobility is thus always
initiated by job mobility. Geographical mobility due to personal factors are, however,
not ruled out. It just requires that an acceptable job is found in the region abroad.
Consequently, the home region always measures the region of residence.

Job offers and residence offers arrive independently. Apart from few jobs with an
official residence, this is a realistic assumption. Furthermore, the decision to accept or
reject an offer must be taken instantly before other offers arrive, thus pooling of offers is

not allowed.

I This assumption can be justified for example by the fact that all relevant information about a residence
can be found at the internet, no matter in which part of the country you search. The job offer arrival
rate, on the other side, may depend, both on how familiar the job searcher is with the region, but also

on the type of jobs available in the region.



The individual takes into account the once and only costs of changing job and resi-
dence. The cost of changing job within the region is c;‘, the cost of changing residence
within the region is ¢/, the cost of changing job between regions is ¢, and the cost of
changing residence between regions is c?. The cost of changing residence includes primar-
ily moving costs, and it is natural to assume that these increase with distance, that is
¢ > c. For convenience we write the cost of changing residence as a function of com-
muting: ¢, (2) = ! + 2¢* Job moving costs include for instance effort to get acquainted
with the new job. However, this cost is probably not related to distance, therefore we

h _ a_

assume Cj = CJ

c;.
The model outlined here is based on individuals, i.e. the interrelationship between for
instance spouses in a couple is not modelled. Evidently, individuals are not independent
of the people they live with, whether this is a partner and/or children, and the decision
to change residence is not taken independent of the partner’s wishes. However, modelling
the search behaviour of both partners in a couple is beyond the scope of this paper?.

We now turn to the optimal strategy of the individuals in the model and examine the

interrelationship between the decision to change job and the decision to change residence.

3. Optimal strategy

The individual’s optimal strategies are determined on basis of their expected lifetime
utilities, that are functions of present utility and the excepted gains from future job
and residence offers. Given a wage offer the expectation is taken with respect to the
distribution of wages, and given a residence offer the expectation is taken with respect
to the distribution of residences, where the distribution variable in both cases is x. The
wage is distributed between 0 and w, with density function f (w), and distribution function
F (w), where F'(w) = 1. The place utility is distributed between 0 and 7, with density
function g (r), and distribution function G (r), where G (7) = 1.

Let V(w,r, z) denote the present-discounted value of the expected utility stream of an

individual. If the individual is working and living within the same regional commuting

2See Ommeren et al (1998) for an analysis of moving behaviour of two-earner households.



area, z is equal to 0 and if the individual is living and working in separate regional areas,
z is equal to 1.

Hence, V(w,r, z) is determined by the equation:

OV (w,r,z) = u(w,r)+c(z) —|—p?EmaX V(w,r, 2),V (x,1,0) —¢j] +
P§ Bax [V (w,7,2), V (z,7,1) — ¢j] +
pTEmax [V (U),T, Z),V(U),I,O) — Cr (Z>] - (31)

(o) + o +0) V (w7, 2)

Note, that we do not consider the possibility of being involuntarily separated from a
job, as it only complicates the analysis without any qualitative changes®. The difference
between a situation where z = 0 and z = 1 is that in the latter, the worker has to take
the commuting cost, ¢(1), into account. Furthermore, the relevant residence offer is now
in the new work region, i.e. the region abroad. This is due to the assumption, that
job search is not spatially restricted, whereas search of a better residence is restricted
to the regional commuting area where the individual works. Hence, only acceptance of
a new job may increase the commuting distance, whereas acceptance of a new residence
can only maintain or decrease the commuting distance. Furthermore, the commuting
cost, ¢ (1), has to be thought of as "unacceptably’ high, implying that workers will never
consider moving residence in the home region but rather they will start searching for a
new residence in the new work region abroad. In case a job offer in the home region
is accepted before an acceptable residence offer in the work region abroad arrives, the

residence search will again be directed towards the home region.

The worker has to decide when a job or residence offer is acceptable. The optimal
decision rules are given by four reservation wages and place utilities: s?, the wage at which

the worker is indifferent between accepting a job in the home region or continue working

3 A constant separation probability, as is the usual assumption in search models, only ads a constant

positive compensation term to the reservation values.



in the present job, s7, the wage at which the worker is indifferent between accepting a job
abroad or continue working in the present job, s”, the place utility at which the worker
is indifferent between moving to a new residence in the home region or continue living in
the same residence, and finally s?, is the place utility at which the worker is indifferent
between moving to a residence abroad, or continue living in the same residence given that
the worker is working abroad.

The reservation wage, S;-l (w,r,0), defines the minimum acceptable job offer in the
home region for a worker, who do not commute and is currently earning w and having

place utility r. This home-region reservation wage is found by taking the derivative of

(3.1) with respect to s" (w,r,0), which gives:
-V (8?,7“, 0) +V (w,r,0)4+¢; =0 (3.2)

Using equation (3.1) and rearranging, we obtain that s/ (w,r,0) is the solution to:

u (s?,r) =u (w,r)+

¢; (049 (1= F (s (55:7:0))) + 5 (1= F (s (55.7,0)))) +

s?(s;l,r,())
p? /h( ) (V (x,r,0) =V (3?,7“, O)) f () dz+ (3.3)
55 w,r,0
s?(s?,r,O)
P / (V(z,r,1) =V (s?,r, 0)) f (z) du+
5% (w,r,0)
pr/ V(w,2,0) —c} =V (w,7,0)) g (x)de—
sh(w,r,0)

The terms in (3.3) are interpreted as follows:

1) The term c;6 is the long run compensation of incurring the job moving cost, ¢;.

2) The worker takes into account that after accepting a job offer in the home region

he receives new job offers in the home region and abroad, at the rates p;? and pj. The



terms cjp? (1 - F (3? (s?, T, 0))) and ¢;p§ (1 - F (s? (3?, T, O))) can be interpreted as the
compensation for leaving the new job again, if a better job offer arrives.
However, the worker sets the reservation wage higher than would be necessary to be

compensated for the job moving cost, only. The terms

s?(s?,r,())
p?/ (V(x,T,O)—V(s?,r,O))f(x)dx

h
J (’LU,T‘,O)

and

5 (s3m0)
p?/ (V (x,r, 1) =V (s?, T, 0)) f (z)dx,

?(w,r,())
may be interpreted as ”to guard against the possibility of getting another wage offer after
changing job that would have been preferred before changing, but which is not sufficiently
high to induce a second change” (see Hey and McKenna (1979) and Burgess (1992)).

3) Finally, the worker takes into account the future residence offers, and thereby the
expectation of future gains due to moving residence. If the position at the housing market
worsens, in the sense that the expected future gain due to moving residence is lower after
having accepted a new job in the home region compared to the current housing market
situation, the compensation must be positive, otherwise it is negative.

However, it can be shown that, as (by definition) the commuting cost is not influenced
by accepting a new job in the home region, the future position at the housing market (in

the home region) will not be affected. Consequently the terms

pr/r (V(w,:m())—cff—V(w,r,O))g(x)dx

S'VI:L (w7r70)

and

pr/ (V (s?,x,()) —cf—V(s?,r,O))g(m)da:

,@(s?,r,o)

cancel out, as sf (w,r,0) = sff (s?, T, O).

Rewriting equation (3.3), the minimum acceptable wage offer in the home region

becomes the solution to:



u(sh,r) =u(w,r)+ (3.4)
¢; (049 (1= F (s (55:7:0))) + 5 (1= F (s (s5.7,0)))) +

3 (s)r0)
P?/ (V (2,7,0) = V (sh,7,0)) f () do+

h
J (’LUJ‘,O)

3 (55:r0)
Pj / . (V (z,r,1) =V (sh,7,0)) f (z) de+

5% (w,r,0)
The reservation wage, s?, is seen to be unambiguously higher than the current wage,

as all of the compensation terms are positive.

Turning to the second reservation wage, s§, this gives the minimum acceptable job offer
in the region abroad for a worker currently earning w and having place utility r. The
reservation wage, s§ (w,,0), is obtained by taking the derivative of (3.1) with respect to

s%, and hence, the reservation wage s§ (w,r,0), is obtained by solving:

-V (s?, r,1) +V (w,r,0)+¢; =0 (3.5)

Using equation (3.1) and rearranging, s§ (w,r,0) is the solution to:

u(s,r) =u(w,r)+c(1)+

¢ (0+p; (1= F (s} (5,7 1)) +05 (1= F (5 (s7,7:11)))) +

3 (s5m1)
p? /h (V (x,r,0) =V (8;‘, r, 1)) f(x)dz+ (3.6)

J (w7T70)

3 (s5m1)
P?/ (V(z,7,1) =V (s3,7,1)) f (2) d+

?(w7r70)

pr/ (V (w,x,0) — cff -V (sz‘,r, 1) + Cj) g (z)dx—
sk (w,r,0)

Dr /T (V (s‘;,x,O) — (cf}+cff) —V(s?,r, 1))g(x) dx

s%(s?,r,l)

Equation (3.6) is equal to (3.3) regarding the job change terms. Since the cost of

changing job is assumed to be the same, no matter whether the new job is in the home

9



region or abroad, the compensation regarding new job offers is identical in the two cases.
But contrary to (3.3), the worker in the present case requires a compensation due to the
imposed commuting cost, ¢(1). Furthermore, the last two terms in (3.6) are different
from the last two terms in (3.3), because the residence situation is different. After the
job change to the region abroad, the search of a new residence not only serves to increase
place utility, but also to decrease commuting cost. Hence it may, very well, be the case
that the position at the housing market improves in the sense that the expected future
gain due to moving residence is higher after having accepted a job abroad. Thus, we can
not rule out that the compensation regarding the housing situation may be negative. In
fact it can be shown that the compensation is negative. It is shown in Appendix A that
the reservation place utility after having changed job is lower than the reservation place

utility if no job change takes place:

st (sh,m 1) < s (w,r,0)

This implies that, the compensation regarding the housing situation is negative (see

Appendix A):

Dr /r (V (w,2,0) — ' =V (sz‘,r, 1) + Cj) g (z)dx— (3.7)

s'}f"L (w7r70)

pr/ (V(S?,x,O)—cf—cﬁ—V(s‘;,r,l))g(x)dx<0

s2(s2,m,1)

The negative housing compensation term implies that workers may accept a lower
wage net of commuting costs, because the commuting costs may be reduced by moving
to a residence abroad. However, it can be shown that (see Appendix A), not only is
the reservation wage inducing a job change to the region abroad unambiguously higher
than the current wage, but also that it is higher than the reservation wage inducing a job

change in the home region:

s§ (w,r,0) > s? (w,r,0) > w

An acceptable job offer thus has to give a higher utility if it arrives from the region abroad

10



compared to the home region. The reason is the increased commuting cost, which can
only be reduced by imposing yet another cost, either by moving residence or accepting a
new job offer in the home region.

After the discussion of the two reservation wages, we turn to the reservation place
h

-, 1s the minimum acceptable place utility

utilities. The first reservation place utility, s
offer in the home region for a worker currently earning w and having place utility r. The
reservation place utility, s" (w,r,0), is found by taking the derivative of (3.1):

—V (w, s,0) +V (w,r,0) + ! =0 (3.8)

) Cr

Rewriting (3.8) using equation (3.1) s (w,r,0) is found to be the solution to:

u (w,sff) =u(w,r)+

(G (1= G (58 (,5,0)))) +

Dr :f(wyzf’()) (V (w,2,0) = V (w, s!,0)) g (z) do+

B[ VEn0 -V 0 - o) e 59)
1y (V00 =V (00) ) £ e

P; /Uz ) (V (2,7, 1) =V (w,r,0) — ¢;) f (x) de—

Pj /w (V (x,sff, 1) -V (w,sf,O) — cj) f(z)dx

54 (w,sﬂ,())

The optimal reservation place utility inducing a residence move in the home region

depends on the expectation of future job and residence offers, and the terms in (3.9) are

interpreted as follows:

1) The term c§ is the long run compensation of incurring the residence moving cost,

s

2) The worker takes into account that after accepting a residence offer in the home

region he receives other residence offers in the home region, at the rate p.. The term

11



cp, (1 -G (sff (w, sh, O))) can be interpreted as the compensation for leaving the new

residence again. However, parallel to the discussion of reservation wages, the worker

sets the reservation place utility higher than would be necessary to be compensated for

(w,s7.0) (V (w,2,0) = V (w, s",0)) g (z) dz can

h
. . Sp
the residence moving cost. The term p, fs h (wr.0) VS

thus be interpreted as ”the guard against the possibility of getting another residence offer
after changing residence that would have been preferred before changing, but which is not

sufficiently high to induce a second change”.

3) Finally, the worker takes the future job offers into account and thereby the expected
future gains of changing jobs. If the position at the job market, home or abroad, worsens,
in the sense that the expected future gain due to changing job is lower after having
accepted a new residence in the home region compared to the current job market situation,
the compensation will be positive, otherwise it is negative. However, as (by definition)
the commuting cost is not influenced by accepting a new residence in the home region, it
can be shown that the future position at the job market in the home region is not affected

by the residence move. Hence, the terms

p?/w (V(z,7,0) —¢; =V (w,r,0)) f(z)dz

i
s} (w,r,0)

and

p;‘/w (V (x, sf,O) —cj— V(w,sf,O)) f(x)dx

(k)
cancel out, as s" (w,r,0) = s" (w, s}, 0).

Somewhat surprising, the expected future situation in the job market abroad is also
not affected by the change of residence. It can be shown that the change of residence do
not imply that a higher wage offer is needed in order to accept a job offer from the region

abroad, i.e. s§ (w, sh, 0) = s} (w,,0). Therefore, the last two terms in (3.9)

p?/w (V (2, r,1) =V (w,1,0) — ;) f () da
@ (w,r,0)

and

12



p;?/w (V(x,s?,l)—V(w,sf,())—cj)f(x)dx

54 (w,sﬁ’ ,O)
cancel out.

Consequently, the minimum acceptable residence offer in the home region reduces to:

u(sh,r) =u(w,r)+
' (0+p (1=G (s (w, s 0))))+ (3.10)

h (sl
Dr /h:( , ;70) (V (w,2,0) =V (w, s!",0)) g () dz
st (w,r,0

Parallel to the reservation wages, this reservation place utility is unambiguously higher
than the current place utility. The worker thus requires a positive compensation in terms
of lifetime utility in order to consider a change of residence.

The last strategy to consider is the second reservation place utility, s?, which gives
the minimum acceptable place utility offer in the region abroad (where the individual
works) for a worker currently earning w, having place utility 7 and a commuting distance
of z = 1. The reservation place utility, s* (w,r, 1), is obtained by taking the derivative of

(3.1) with respect to s¥, yielding:

—V(w,s%0)+V (w,r, 1)+ +c=0 (3.11)

Inserting (3.1) we find that s¢ (w,r, 1) is the solution to:

13



u(w,st) =u(w,r)—c(l)+ ( +c)o+
/ B V(w,x,0) =V (w,s%,0)) g (x) de—

pT/ (V (w,2,0) =V (w, s%,0) — 7]}) g (z)dx+
sh(w,s2,0)

p;‘ (V(x,r,0) =V (w,r,1) —¢;) f (x) do— (3.12)

h
S]‘ (U},T‘,l)

P?/w (V (z,57,0) = V(w,s7,0) — ¢;) f () dz+

sh (w,52,0)

p?/w (V(x,r,1) =V (w,r1) —¢;) f (x) dx—

s¢(w,r1)

p;/w (V (2,55, 1) = V (1, 5%,0) — ¢;) f () da

5% (w,s%,0)

19

Similar to the other cases, the optimal reservation place utility inducing a residence
move to the region abroad depends on the expectation of future job and residence offers.
This reservation place utility, however, is not unambiguously higher than the current place
utility because, first of all, a move to the region of work decreases the commuting distance.
Hence a residence move not only serves to improve the place utility but also to decrease
commuting costs. Second, the move of residence implies changes in the expected lifetime
utilities when accepting a new job at home or abroad. However, the changes in lifetime
utilities when accepting a new job at home or abroad can be shown to imply an overall
positive compensation term, leaving the decrease in the commuting distance as the only
negative compensation term.

The terms in (3.12) are interpreted as follows:
1) The term (cff + cﬁ) 0 is the long run compensation of incurring the residence moving
cost, ! + 2.

2) The worker takes into account that after accepting a residence offer in the re-
gion abroad, he receives other residence offers in the (new) home region, at the rate p,.

Rewriting the terms of future residence offers, we get:

14



pT/ (V (UJ,.CL',O) —V(w,s?,O))g(:C) dx —
s&(w,r,1)

pr/ (V (w,x,O) —V(U},S?,O) —C?)g(l’) dx

Cﬁpr (1 -G (Sﬁ (w7 Sg70))) +

" (w,s%,0)
pT‘/ (V (U),Q?,O) —V(w,sff,()))g(x) dx

g(w7r71)

The term c/'p, (1 -G (Sf (w, s, O))) can be interpreted as the compensation for leav-

ing the new residence again. And the term p, fj(gfff)’o) (V(w,z,0) =V (w,s%,0)) g (z)dx
may be interpreted as ”the guard against the possibility of getting another residence offer
after changing residence that would have been preferred before changing, but which is not

sufficiently high to induce a second change”.

3) Finally, the worker takes future job offers into account, and thereby the expectation
of future gains due to changing job. If the position at the job market, home or abroad,
worsens, in the sense that the expected future gain due to changing job is lower after
having accepted a new residence in the home region compared to the current job market
situation, the compensation is positive, otherwise it is negative.

It is shown in Appendix A that, the minimum acceptable wage inducing a job change
in the new home region after having changed residence is greater than the minimum

acceptable wage inducing a job change in the former home region, ie. s (w,s% 0) >

h

S; (w,r,1). This implies that the terms of future job offers in the home region can be

rewritten:

15



o /w (V (2,7,0) = V (0,7, 1) — ¢;) f (&) da— (3.13)

p;'l /w (V (2,87,0) =V (w,s:,0) — ¢;) f (x) do+

sl (w,5¢,0)

h

s (w,s,0)
p?/ (V(z,r,0) =V (w,r,1) —¢;) f (z) do+

h
st (w,r,1)

P?/ (V (z,7,0) =V (z,8,0) + } + ¢2) f (z) da

" (w,s2,0)

The expected future job market situation in the home region (the new respectively
the old home region) thus implies a positive compensation term, to guard against the
possibility of getting a wage offer after changing residence that would have been preferred
before changing, but which is not sufficiently high to induce a job change after changing
residence. And, in addition, there is a compensation term due to the change in the
expected lifetime utility when accepting a new job in the home region, which would also
have been accepted if no change of residence had occurred. This compensation can be
shown to be positive, no matter whether s? is greater than r or vice versa, see Appendix
A. Consequently, taking the expected future position at the job market in the home
region into account implies an overall positive compensation.

Likewise, it is shown in Appendix A that, the minimum acceptable wage inducing
a job change in the new region abroad after having changed residence is greater than
the minimum acceptable wage inducing a job change in the former region abroad, i.e.
s¢ (w, sy,0) > s% (w,r,1). This implies that the terms of future job offers in the regions

Y <r)

abroad can be rewritten:
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/ - (x,7,1) =V (w,r,1) —¢;) f(x) de— (3.14)

/w Viz,s2,1) =V (w,s8,0) —¢j) f(x)de

a(w7sg70

w,s,,O
(x,7,1) =V (w,r, 1) —¢;) f () dx+

(w,r,1)

p?/ (V(z,r, 1) =V (z,s%,1) + ! + ) f () dz
5%(w,52,0)

Taking account of the expected future job market situation in the region abroad (the
new respectively the old region abroad) implies a positive compensation term, to guard
against the possibility of getting a wage offer after changing residence that would have been
preferred before changing, but which is not sufficiently high to induce a job change after
changing residence. And, in addition, there is a compensation term due to the change in
the expected lifetime utility when accepting a new job in the region abroad, which would
also have been accepted if no change of residence had occurred. This compensation can
be shown to be positive no matter whether s¢ is greater than r or vice versa, see Appendix
A. The overall compensation due to job search abroad is thus also positive.

Consequently, the solution to the minimum acceptable residence offer in the region

abroad may be rewritten:
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w(w,s) = u(w,r)—c(l)+ (+c)d+
e (1= G (s (w,52,0))) +

sﬁ(w,s,‘i,o)
pr/ (V(w,z,0) =V (w,s%,0)) g () de +

@ (w,r,1)
" (1,52.,0)
P?/ (V (z,7,0) =V (w,r,1) = ¢;) f (x) dz (3.15)
s (w,r,1)
J
p?/ (V(xﬂ"aO)—V($,S?,0)+cf—l—cﬁ)f(x)dx+
s?(w,s‘;,ﬂ)
s?(w,s,‘,’.,O)
pj (V(z,r,1) =V (w,r,1) = ¢;) f (x)dx +
5% (w,r,1)
[ W)=V e @) i
5% (w,s2,0)

J
The compensation given by (3.15) may be positive or negative, depending on the

magnitude of the commuting cost.

To sum up, the worker’s behaviour is characterised by the 4 reservation values given
in the equations: (3.4), (3.6), (3.10), and (3.15). Of these, the value of the offers inducing
a job change, both in the home region and abroad, as well as a change of residence in
the home region, are unambiguously higher than the current values. Only the minimum
acceptable residence offer in the region abroad may be lower than the current place utility,

as this change also serves to reduce the commuting cost.

4. Labour market policy

One thing is the model describing the search behaviour of individuals taking both the
decision to change job and to change residence into account, simultaneously. Another
thing, however, is the scope left for labour market policies. From the policy makers point
of view, information on for instance the effect of job and residence moving costs is relevant.
In this section we discuss what the analysis of the comparative statics of the model can

contribute with.
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It is clear from the analysis above, that the interaction between job search and resi-
dence search is very complex. On the other hand, a complex setup is also realistic in the
sense that people seldom make partial important decisions.

The implementation of the optimal strategies will be discussed based on ”base-line”
cases. By varying the job and residence offer arrival rates, the costs of moving and the
initial job and residence utility, we are able to induce for example how higher educated
workers are likely to behave in this setup compared to less educated workers, or how
unemployed workers act compared to employed workers. The results of the comparative

statics analysis are summarised in the tables below:

Table 4.1 Comparative static results

w|r
sio | +10
CH +10
sh 0|+
5% 0|+
s?—w +10
si—w|+]0
sh—r | 0|+
se—r |07

Table 4.2 Comparative static results

¢ | e (0) | e (D) | 2 | 25 | P
st +| 7 AN IR o ¢
sil+| — + T+ -
sh| 2 + ? T+
st 7+ + T

The first set of results show, that mobility is dependent on where the worker is placed
in the distribution of wages or place utilities. Thus, for instance it can be shown that
the reservation wages, both in the home region and abroad, not only are increasing in the

current wage, but furthermore, that the differences increase with the level of the current
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wage!:

d (s (w,r,0) —w)

>0
dw

d (s (w,r,0) — w)

7 >0

Thus, getting closer and closer to the upper bound of the wage distribution implies
that the job offer has to be increasingly favorable to induce a job change.

A similar result is found for the home region reservation place utility - getting closer
and closer to the upper bound of the place utility distribution implies that the residence

offer has to be increasingly favorable to induce a residence move:

d (st (w,r,0) —r)

o >0

Especially the effects of the job and residence moving costs are interesting to analyse.
Using the technique for qualitative comparative statics analysis as proposed in Albrecht
et al. (1991)° we are able to show that the minimum acceptable wage and place utility
inducing a move in the home region is increasing in the job respectively the residence

s .
moving cost, i.e. Z—CZ_ > 0 and dds(o) > 0. Hence, the higher the once and only cost of

changing job and residence in the home region the more favorable a given offer has to be
to be acceptable. Consequently less job and residence mobility in the home region will
occur.

Furthermore, we are able to show that the minimum acceptable wage offer inducing a
job change to the region abroad is increasing in all of the moving costs, except the cost of

moving residence in the home region, i.e. J >0 y > 0 and y < 0. Hence if the

’dc

cost of changing job, either in the home region or abroad, as well as the cost of moving

residence to the region abroad, increase, the more favorable an acceptable job offer from

4This result is contrary to the result in Burgess (1992) and is based on the assumption that the

instantaneous utility function w (w,r) is strictly concave in the wage.
% Albrecht et al. (1991) show that it is possible to establish qualitative properties of the value function

V with respect to exogenous parameters, by use of mathematical induction.
6The proofs of all results are given in the Appendix.
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abroad has to be. Consequently the amount of interregional job mobility decreases. It
is intuitively straightforward that a higher job moving cost decreases the job mobility
rate. A higher residence moving cost implies that after accepting a job offer from abroad,

reducing the increased commuting cost becomes more costly. This explains why the job

a

(1)
positive. A higher residence moving cost in the home region on the other hand reduces

offer from the region abroad has to be more favorable to be acceptable, i.e. that 5

the least acceptable job offer from abroad. The explanation is that it becomes relatively
less costly to improve the housing situation when the search area is the region abroad,
which by assumption requires accepting a job offer from abroad.”

The minimum acceptable place utility inducing a move to the region abroad, the work

region, increases with both the residence cost of moving abroad > 0, as well as with

’d(l)

the residence cost of moving in the home region, dc?(TJ) > (. The first result is intuitively
straightforward. Concerning the second result the explanation is, that the possibility of
accepting a low-value residence offer, x < r, in the region abroad in order to reduce the
commuting cost and then afterwards start searching for a more suitable residence offer,
x > r, in the new home region, becomes more costly. It is thus more important that the
first residence offer from the work region is of a high value.

h
Concerning the job offer arrival rates we are able to show that > 0, d ,1 > (0 and
ds

a

> 0.
Thus, if the supply of jobs is high, in the home region as well as abroad, the more
favorable an acceptable job offer from the home region has to be. The reason is that, as
it is costly to change job it pays to be patient and wait for the high job offer to arrive,
because time until a new job offer arrives is short and hence the lost income from not
accepting a less favorable job offer is low.

Even though a higher reservation wage decreases job mobility, the overall effect on
job mobility is ambiguous, as a higher offer arrival rate increases mobility. The least

acceptable job offer from the region abroad increases with the job offer arrival rate from

"Bear in mind that after a job change to the region abroad the position in the housing market
improves in the sense that that the expected future gain due to moving residence is higher, implying

the compensation term regarding the housing situation is negative, see equation (3.7).

21



the region abroad for the same reasons as given above. However we can not determine
the effect of an increase in the job offer arrival rate from the home region, the region of
s . ds?
the worker’s residence, 7 2 0.
J

Finally, we are able to show that the minimum acceptable residence offer inducing

h
ds;

a move in the home region increases with the residence offer rate: o
T

> (0. However,
the minimum acceptable wage offer inducing a job change to the region abroad decreases
with the residence offer rate: % < 0. The reason is that it is easier to find an acceptable
residence in the new work region and hence reduce the commuting cost. Thus a higher

residence offer arrival rate, unambiguously increases job mobility.

5. Conclusion

We have analyzed the job and residence changing behaviour of workers in a model where
search takes place in the labour market and housing market simultaneously. We assume
it is costly to change job and/or residence. The labour market is assumed characterized
by non-overlapping regional commuting areas. Consequently the commuting distance is
only affected if a new job is accepted in the region abroad. The commuting distance can
only be reduced by moving residence to the region of work or by receiving an acceptable
new job offer in region of residence. However, as changing either job or residence is costly,
the expected future labour market as well as housing market situation has to be taken
into account before deciding to accept a job offer abroad.

In general, the higher the current wage, the more favorable an acceptable job offer,
home as well as abroad, has to be. Likewise, the higher the current place utility is, the
more favorable an acceptable residence offer, in the home region as well as in the work
region abroad, has to be.

When deciding to change job (residence) the worker takes into account the change in
the expected future gains due to changing residence (job). If the position in the housing
(job) market worsens, in the sense that the expected future gain due to changing residence
(job) is lower after having accepted a new job (residence) compared to the current housing

(job) market situation, the compensation is positive, otherwise it is negative. However,
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the expected future housing market situation in the home region is not affected when the
minimum acceptable job offer in the home region is considered. Likewise, the expected fu-
ture job market situation in the home region is not affected when the minimum acceptable
residence offer in the home region is considered. Only positive compensation terms due to
future (residence) job offers are present in the determination of the minimum acceptable
(residence) job offer in the home region.

We are able to show that when the once and only costs of moving job and /or residence
are high, then in general, the rate of job as well as residence mobility will be low. Especially
we are able to show that the probability of accepting a job offer in the region abroad
decreases with the job moving cost as well as the cost of moving residence to the region
abroad.

Finally we show that a high supply of jobs from regions abroad, increases the reserva-
tion wage. The effect on job mobility is ambiguous though, as a higher reservation wage

decreases job mobility, whereas a higher offer arrival rate increases mobility.
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A. Appendix

By assumption the instantaneously utility function u (w, ) is separable in the wage and

place utility:

Ugr = 0 (A1)

The derivatives of the lifetime utility with respect to the wage and place utility are:

(see Stokey, Lucas and Prescott 1993.)

WV = Uy, OV, = u, (A.2)

Using (A.1) and (A.2) it follows from differentiation of the first order conditions,
equations (3.2), (3.5), (3.8) and (3.11), that the reservation wages respectively place

utilities are independent of the initial place utility respectively wage:

ds" Vi (w,r,0) =V, (sh,7,0)

7 = =0 A3
dr Vi (sh,r,0) (A-3)
% _ M«(U},T’,O)_W(S?,T,l):o (A4)
dr VS;; (s?, T, 1) '
dsh Rz (w,r,0) =V, (w, sh, 0) 0 (A5)
dw B ‘/sﬁ (w7 S7I}a O) N '
ds¢  Vy(w,r 1) =V, (w,s:,0)

dw Via (w, 52,0) =0 (4.6)

In order to show that: s" (w,r,1) < s (w, s¢,0), 5% (w,7,1) < 8% (w, 52, 0) and % (s9,7,1) <

h

Sy

(w,1,0), we make use of the general result: consider two strictly concave functions,
F(z, )and G (z, ). If F, < G, for all x then 2z} < 2%, where z} and z} are the interior
solutions to max, F' (z, ) and max, G (z, ).

Using the first order conditions of s”, equation (3.2), we have:
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—V(z,r,0) +V(w,r,1)+¢;+V(z,s:,0) =V (w,sr,0)—¢; = (A.7)

) Cr) »Ery

—C?—C?+V($,S?,O)—V($,T,O) =
V(z,r,1) =V (z,7,0) < 0=
st (w,r,1) < sl (w,s?,0)

i ) 2r)

where the first and second equality uses the first order condition of s¢, equation (3.11).
In general V (w,r,1) <V (w,r,0) Yw, r, which can be proven by contradiction.

Using the first order condition of s§, equation (3.5) we have the result:

—V(z,r, )+ V(w,r,1)+¢; +V(z,s5,1) =V (w,s,0)—¢; = (A.8)

’<r) ) Er

—c =V (2, 1)+ V (2,5%1) =

»<ry

Vi, st 1) = Vi(x,s8,0) < 0=

)y <ry »<ry
i (w,r, 1) < sj(w,s7,0)

where the first and second equality uses the first order condition of s?, equation (3.11).

Using the first order condition of s?, equation (3.11) we have the result:

—V (s4,2,0) +V (s¢,r, 1) + '+ ¢ + V (w,2,0) =V (w,r,0) =} = (A.9)
cj+cf+V(w,x,0)—V(s?,x,0) =

c?—i—V(s?,x,l) —V(s?,x,O) < 0=

st (sh,r1) < s (w,r,0)

where the first and second equality uses the first order condition of s}, equation (3.5).
Finally, using the first order condition of s} and s}, equation (3.2) and (3.5), we have

the result:

—V(x,r,0)+V (w,r,0)+¢;+V (z,r,1) =V (w,r,0) —¢; = (A.10)
—V(x,r,0)+V(z,7,1) < 0=
st (w,r,0) < 5% (w,r,0)

J
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To show that

Dr /T (V (w,z,0) =V (s},7,1) + ¢; — ) g (z) do— (A.11)

:‘l(w7r70)

pr/( )(V(s?,x,())—cff—cff—V(s;?,r,l))g(x)dx<0
a(s%,rl

™\"J

we define yo =V (3?, T, 1) —¢;+ cand y; =V (3?, T, 1) + ¢ + ¢! and use the inequality:

s2 (s?,7,1) < sP (w,r,0) to rewrite (A.11):

ﬁ(wvrvo)
—pr/ oo (V (s9,2,0) — 1) g () da+ (A.12)
s s?,r,l
b V(w0 ) g (o) da-
sh(w,r,0)

pr/ (V (3273:70) _yl)g(x) dx
sh(w,r,0)

The first term in (A.12) is negative. The sum of the last two terms is negative, which can

be shown graphically. To do that we first notice that:

—Yot+uy1 =

Cg‘f‘Cj > 0

where the inequality holds as, by assumption ¢ > c. Next, we make use of the assump-
tions that the lifetime utility functions are concave and separable in the current wage and
place utility. Consequently the terms V' (w, x,0) —yo and V' (s?, ,0) —y1, can be depicted
as in Figure A.1. As can be seen from the figure, V (w, x,0) —yo < V (3?, x, 0) — 11, hence,

the sum of the last two terms in (A.12) is negative:

pr/r (V(w,x,())—yo)g(x)dx—pr/r (V(s?,x,())—yl)g(x)dx<0

To show that:
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o /w (V (2,7,0) = V (0,7, 1) — ¢;) f (&) da— (A.13)

B V0 -V 0~ ) e >0

sl (w,5¢,0)

we define yjo = V (w, 7, 1)+c; and gy = V (w, s¢, 0)+c; and use the inequality: s" (w,r, 1) <
s (w, s%,0) to rewrite (A.13):

7 » 97

;-‘(w,sﬁ',O)
W @n0) - f ) de s (A14)

¢ (w,r,1)

o / L W@ 0) — o — (V(80) — ) f (@) de

sh (w,5%,0)

The first term in (A.14) is positive. The sum of the last two terms is positive, which can

be shown graphically. To do that we first notice that:

—Yot+ Y1 =

At >0

Next, we make use of the assumptions that the lifetime utility functions are concave
and separable in the current wage and place utility. Consequently the terms V' (z,r,0) —1o
and V (z,s% 0) — y;, can be depicted, dependent on whether s? < r or s¢ > r, either as
in Figure A.2 or Figure A.3.

As can be seen from the figures, V (z,7,0) —yo > V (x, s%,0) — y1, no matter whether

s% < r or s* > r. Thus the sum of the last two terms in (A.14) is positive. The same

method can be applied to show that:

P / (V (2, 1) = V (w7, 1) — ;) f (&) do— (A.15)
¢ (w,r,1)
p?/( )(V(x,s,‘f,l)—V(w,sﬁ,())—cj)f(x)dm>0
s? w,s2,0
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Figure A.1

V(xr) — etV (X,8%)
................................ V(x,5%) / Vixr)
------ /V(X,r)-y /V(x,r)-yx
V(x,5%)-y eV (X,8%)-y
(w,r,z) (w,5%,0) (wr,z) (w,s,0)
Figure A.2 Figure A.3
dsh

B. Appendix, -~ > 0

sh

The sign of z—cj_ is equal to the sign of V., (w,r,0) — Vi, (8?,7", O) + 1. It is convenient
to rewrite the equation giving the value function, equation (3.1) slightly. Choose any
constant m > 0 such that m > p? + p§ + p, and m > p? + p% + p.. Adding mV (w,r,0)

to both sides and dividing through by m + § gives:
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u(w, ) 4+ P Enax [V (0,7,0),V (,7,0) — ¢;] +

V (w,7,0) = —— Py Bma [V (w,7,0), V(2,7 1) = 5] + (B.1)
) m+0 prEmaX[V(w,T,O),V(w’,%"O)_C?}_{_

(m_p;l_pT_p?)v<w7T70)

dsh . .- .
To show that % is positive, we first establish a preparatory result:

oV, (w,r,0) < —p;‘ (1 - F (s?)) + pj /:U (ch (z,7,1) = Ve, (w,7,0) — 1) f(z)dx (B.2)

54
J

Define:

w

Q=g (1-F () +# [

(Vey (@r, 1) = V2 (w,7,0) = 1) [ (e)dz - (B.3)
5j
Hence we need to show that 0V, (w,r,0) < Q implies V! (w,r,0) < Q, where, using

equation (B.1):

p;‘EVCZZ (max [x > s?,w} , T, 0) +
Vc:?“ (w,r,0) = p—— prEV] (w, max [z > " r,0]) + (B.4)
Q—|— (m—p? _pr) VZ; (w,r,())

Multiplying through by ¢ and using the inductive hypothesis,

1 0Q+ (pf +pr) Q
SV (w, 7, 0) < —— (v + 1) (B.5)
m+5 +(m_p?_pr>Q
Cancelling common terms gives:
n+1
SV (w,r,0) <€ (B.6)

which was to be shown. Next we need to show that V. (w,r,0) > V, (s?, r,0) — 1 implies
Vot (w,r,0) > Ve, (s},7,0) = 1. V2 (w,r,0) is given in equation (B.4). Using the

inductive hypothesis gives:

29



L | 2 (Ve (5,m,0) = 1) +pr (Ve (55,750) = 1)

‘/;?+1 (wa Ty 0) > —6 (B?)
IO A (m = =) (Ve (55,m,0) —1)
Cancelling common terms and rearranging gives:
m (vg;“ (w,r,0) — Vi, (s%,7,0) + 1) > —SV (w,r,0) + Q> 0 (B.8)

where the last inequality follows from equation (B.6).

C. Appendix, ? > ()

Cj

The sign of % is equal to the sign of V, (w,r,0) — V, (s?, T, 1) + 1, which we want to
J

show is positive. A preparatory result is required:

oVe, (w,r,0) < p;l ’ (ch (z,7,0) = Ve, (w,7,0) — 1) f(x)dx + (C.1)
)

h
sjw

—~

t

pj/ (ch (z,7,1) =V, (w,7,0) — 1) f(x)dx
()

Define:

&

v = p?/ (Ve, (z,7,0) = V,, (w,7,0) = 1) f (z) dz + (C.2)

" (w)

s /w (ch (z,r,1) =V (w,r,0) — 1) f(x)dz

()
To establish that V., (w,r,0) < ¥ we need to show that 6V! (w,r,0) < ¥ implies

(51/0’;“ (w,r,0) < ¥, where:

1 pTEVC’; (w, max [x > shor, O})

VI (w,7,0) = ——
m \Il—i_(m_pr)‘/;?(w?TvO)

Multiplying through by ¢ and using the inductive hypothesis,
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1 oV + p,. ¥

SV (w,r,0) <

(C.4)

Cancelling common terms gives:

5V£+1 (w,r,0) < W (C.5)
which was to be shown. Next we need to show that V! (w,r,0) >V, (s?, T, 1) — 1 implies
V’”rl (w,r,0) >V, (s4,r,1) — 1, where Vot (w,r,0) is given in equation (C.3). Using

the inductive hypothesis gives:

1 U+p (V. (s4r1)—1
VI 0) > — P (% (1) =) ()
MmO 4+ (m—p) (Ve (s5,7,1) = 1)
Cancelling common terms and rearranging gives:
m (vg;“ (w,r,0) =V, (s%,7,1) + 1) > SV (w, 7, 0) + ¥ > 0 (C.7)
where the last inequality follows from equation (C.5).
D. Appendix, - (Jl) > 0, dcr(rl) > ()
The sign of 7— is equal to the sign of: V,, (1) (w,7,0) = VL 1) (s?, T, 1), which we want to
show is p081tlve. First we need to show a preparatory result:
5V, (w,7,0) < 3 / (Voo (@7, 1) = Vo (0,7, 0)) f () de (D.1)
s (w)
Define:
P = / Ve (1) = Vi (7,0) £ () o (D.2)
Hence we need to show that 5\/67:(1) (w,r,0) < T implies 5‘/;:8 (w,r,0) < T, where:
VBV (i [o> st ] .0) +
n+1 n
Vi (w,r,0) = mas | PrEVIa (w, max [z > ", r,0]) (D-3)

I + (m - pgl - pr) VZ:(l) (w7 r, 0)
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Multiplying through by ¢ and using the inductive hypothesis,

1 oL + (p" +p,) T
OV (w,r,0) < —— ey + ) (D.4)
m+ +(m_p?_pr)r
Cancelling common terms gives:
SV (w,r,0) < T (D.5)

which was to be shown. Next, we need to show that V", (w,r,0) > Ve ) (s?, T, 1) implies
VJ:B (w,r,0) > Ve ) (3?, r,1), where:

p?EVC’:(l) (max [x > s;‘,w} )Ty 0) +
1 '+

Y () = — L (D.6)
(1) m + 5 prE‘/Z:(l) (w,maX |:.T 2 8?7707 0i|) +

(m - p? - pr_) VZ:(I) (w7 r, O)
Using the inductive hypothesis,

(P} +pr) Verry (53,7, 1) +
'+ (D.7)

(m - p? - pr) V;:r(l) (8?7 T, 1)

1
m+ 0

VG (w,r,0) >

Cancelling common terms and rearranging,

m (VCT:B (w,,0) = Ve, (55,7, 1)) >T — 5‘/;’:?% (w,r,0) >0 (D.8)
where the last inequality follows from (D.5).

The sign of % is equal to the sign of V, ) (w,r,1) =V, q) (w, sy, 0) + 1. It is con-
venient to rewrite the equation giving the value function, equation (3.1) slightly. Choose
any constant m > 0 such that m > p;‘ +p§+p, and m > p? +p§+p,. Adding mV (w,r, 1)

to both sides and dividing through by m + ¢ gives:
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Uu (U),T’) (1) +pj Emax [V (UJ,T, 1) ’ 4 (I,T’, O) - Cj] +
Emaxv 7717v 7a1_ il +
ot -1 B [V (0,1,1).V (27, 1) — ) Do)
m+9 PrEmax [V (w,7,1),V (w,2,0) = ¢, (1)] +
I (m—p} —p4—p,) V (w,7,1) |

— V., (w,s%,0) + 1 > 0 implies V”*ﬁ (w,r,1) —

We want to show that V', (w,r, 1) , S%,
y < —pr (1 =G (s7)), where:

Vo) (w, s2,0) +1 > 0. First we need to show that 0V

’<ry

P L3 (Voo (@,7,0) = Veyqy (w7, 1)) f () dot

0Ver(1) = Py f;; (Vcr(l) (z,7,1) = Vo, ) (w,, 1)) f(x)dz+ (D.10)
Pr fsi (Vcr(l) (w,z,0) — Ver () (w,r, 1)) g (x)dz
To do that, we need to show that (5‘/”(1 < —p, (1 — G (s%)) implies 51/;’:?% < —pr (1 =G (s*

v

Cr

(1) derived from equation (D.9), is given by:

P (Ve (@7,0) = V7, (., 1)) f (@) dot
w11 2 j;f <VCT(1) (2,7, 1) = V2 (w,r, 1)) f(z)dx+ D11)
cr(1) f] . .
0+m Pr fs‘}. <‘/;r(1) (w7 z, O) - ‘/C'r(]-) (wa T, 1)) g (ZE) dz+
i mV7 gy (w,r,1) ]
Multiplying by d, using (D.10) and the inductive hypothesis gives:
n 1 a a
Vi < 5 [E0p (L= G (s1) —mp, (1= G (57) (D.12)
— (-G ()
To show that V", (w,r,1)=V, 1y (w, 5%, 0)+1 > 0 implies VCZ‘Z“S (w,r, 1)=V. 1y (w, 5%, 0)+
1 > 0, consider again equation (D.11). Using the result in (D.8) gives:
BEVE G (max [ > st,0] 7. 1) =
et pr (1= G (sp)) (D-13)

o+m

(m = 1) Vil (w,r, 1)
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Using the inductive hypothesis, cancelling common terms and rearranging gives:

m (V(;n(% — Ve + 1) >—p(1-G(s7)) — 5VJI<+S >0

where the last inequality follows from (D.12).

. ds; ds? dsh
E. Appendix, W(JO) < 0, o) > 0, a0 > 0
The sign of %(?m is equal to the sign of: V, (o) (w,7,0) =V (o) (sj?, T, 1). First we recognise

that:

oV, (o) (s?, T, 1) = p?/ ) (Vcr(o) (z,7,0) =V, (0 (s?, T, 1)) f(x)de+ (E.1)

HC
p§ /a( X (Vcr(o) (z,r,1) =V (0 (s?,r, 1)) f(z)dx +
[ G 0) = Vo (1) g0

Next, we need to show that V. () (w,r,0) < Voo (s?,r, 1) implies V., (o) (w,7,0) <

Vc’:aﬁ (s4,7,1), where:

P L35 ) (Vertoy (7,0) = Ve (s5,7,1) ) f () dart
P (s 1) = —— | P Jus (i) <VCT(°) (#.1,1) = Vil (57 1)> f@det | gy
CT(O)(.]’, ) m+5 7 a n a ( )

Dr fsg(r) (VCv-(O) (sj,x,()) — Voo (sj,r, 1)) g (x) dz+

i mV2 ) (5,7,1) |
Using the inductive hypothesis,

Py L5 ) (Voo (2, 0) = V2 (s5:71) ) S ()t

H ij o (Ve (1) =V 3“,7“,1) x) dx+
ity > | e (o @ = Vg (GrD) sodes g

m Pr Jaai (Vcrw) (s5,2) = V2 (55,7, 1)) g () dz+

mVz, (o) (w,r,0)
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Rearranging gives:

" <V07:<+0; (s5.7,1) = Voo (w,, 0)> > py /5’?(5@ (Veoto) (2,7,0) = V2 o) (55,7, 1)) f (o) dot
p? /a( a) (Vcr(O) (Iﬂ“, 1) - VZ:(O) (S?, T, 1)) f (:L’) do+ (E4)
Dr /a( ) (‘/CT(O) (5?711770) — ‘/07:(0) (S?,?"7 1)) g (ZL‘) dr—

5vg;(+0§ (s4,7,1)

=0
where the last equality sign follows from (E.1).From (E.4) it follows that:

dst Ve (s5,71,1) = Veuo) (55, 5%, 0)
dey (0) Ve (50, 59)

jror

>0

The sign of = 1s equal to the sign of V. () (w,r,0) =V, (0 (w sh 0) +1. We want to

)<r

show that V" ¢ (w, r,0) =V, () (w,s!,0)+1 > 0 implies VZ:B (w,7,0) =V, 0) (w, s, 0) +

’ery ) Cr)

1 > 0. First we need to show that 6V, () (w,7,0) < —p, (1 -G (sf})), where:

Pl i (Vero) (2,7,0) = Ve (w,1,0)) f () daot
Ve, (0) (w,r,0) = P f;? (Vey0) (2,7, 1) = Ve o) (w, 7,0)) f () do+ (E.5)
J
Dr fszl (‘/CT(O) (U), z, O) - ‘/;:r( r, ) g(

To do that, we need to show that 0V (w,r,0) < —p, (1 -G (sr)) implies 5‘/52[3 (w,r,0) <
—pr (1 =G (s])). V) (w,r,0) is given by:

[ p? fs? (‘/;:r((]) (ZL’, T, 0) - VZ:(O) (U),?”, 0)) f (I) dr+ ]
Vo () = L | 7505 (Vo0 (or1) = Vi (000 £ @) ot
O b [l (Ve (w,,0) = Vi) (w,7,0)) g (2) da+

mV_ o (w,7,0)

(E.6)

Multiplying by §, using (E.5) and the inductive hypothesis gives:
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VI 0) < g o (-G ) e (-G ()] B

= —p(1-G(s))

To show that Vo) (w,r,0)=V,, (0 (w sh 0)+1 > 0 implies V" (w, r,0)—V, () (w sh. 0

) Or cr(o) ) Or

1 > 0, consider again equation (E.6). Using the result in (E.4) gives:

p;?EVCf(O) (max [z > s" w] ,r,0) +
1 pTEVg:(O) (w,max [x > sf},r] ,0) —
O+ m pr(1=G(s7))

r

Vot (w,r,0) >

e (0) (E.8)

(m - p;L - pr) VZTL(()) (wa r, 0)

Using the inductive hypothesis, cancelling common terms and rearranging gives:

)y <ry

(V25 000,00 = Voo (0:5,0) +1) > =i (1 -G () = V25 (0,0) >0 (B9
where the last inequality follows from (E.7).

h
ds ;

h
F. Appendix, % >0
J

sho, . st
The sign of ZTiL is equal to the sign of V;,;_l (w,r,0) — Vp]h_, (s?,r, 0). To show that ZT& is

positive, we first establish a preparatory result:

J

6V (w,r,0) < /w (V(x,r,0) =V (w,r,0) —¢;) f (x)dx + (F.1)

Define:
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0, — /w(V(xTO) V (,7,0) — ¢;) f (x) do + (F.2)

p

/ (VP?:L“TO (er))f(x)d:r+
(Vi

aa

Hence we need to show that 51/;}} (w,r,0) < £, implies 5Vp’§+1 (w,1,0) < Qp, where, using

Vo (z,7,1) Vh(lU?“O))f()dl’

equation (B.1):

1 prEVZ;ﬁ (w, max [z > s, r,0]) +

Vit (w,r,0) = —— (F.3)
AL Q= p) Vi (w,r,0)
J

Multiplying through by ¢ and using the inductive hypothesis,

1 0, + pr2
SV (w, 1, 0) < hor b (F.4)

b m+6 +(m_p7‘>Qh
Cancelling common terms gives:

(5Vp7£+1 (w,r,0) < (E.5)

i
which was to be shown. Next we need to show that Vi (w,r,0) > Vpn (3?, r,0) implies
i J
V;,ﬁ“ (w,,0) > Vo (s%,7,0) . V;)’,ﬁ“ (w,r,0) is given in equation (F.3). Using the inductive
J J J

hypothesis gives:

1 Dy <Vh Sh,T,O >
‘/Z,lfl (w’ r, 0) > Pj ( J ) (FG)
; m+o | Lo + (m —p,) Vo (sh,r,0)
Cancelling common terms and rearranging gives:
m <V;,EL_LH (w,r,0) — V;,;; (s?,r, 0)) > —5‘/;)?1 (w,r,0) + Q) >0 (F.7)

where the last inequality follows from equation (F.5).

h
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ds®
J

h
ds;

’d_pr>0

G. Appendix, % <0

The sign of is equal to the sign of: V,, (w,r,0)

is negative. Flrst we recognise that:

—Vp, (s5,7,1)) f(2) dx

Pj /S?~(S?) (V;JT (x,7,1) =V, (s],r 1)) f(z)dx +
Dy o) (Vpr (s?,x,()) -V, (s?,r, 1)) f(x)dz +
/F (V (s?,m,O) -V, (s?,r, 1) — ch — ) g (z)dx

Next, we need to show that V,, (w,r,0) < VZ:H (sg, T, 1) implies V,, (w,,0)

where:

- v fs?(s;) (Vy, (@,r,1) =V (s9,7,1)) f (x) do+
2 [in(ary (Vo (1) = V3t (s,7,1)) f (o) dart
Vit () = s | ) (Vo (s820.0) = V2 (s8.0,1)) £ ) dt
fs; (V (s4,2,0) =V, (s4,7,1) =l — ¢2) g () da+
mVy: (s5,7,1)

— Vo (s¢,7,1)) f (x) dot

1 p? fsl‘;(s‘;) V;Dr (l’, r, 1) - V;Z (3?7 T, 1)) f (Z’) dl’+
Vi (55 1) > s | o finy (Vo (s5,2,0) = Vit (s,7,1)) f (@) dart
Joo (V (s8,2,0) =V (s§,7,1) = e — ) g () dot
m‘/pr (w7 T7 0)

Using (G.1) and rearranging, we get
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-V, (3?, T, 1), which we want to show

<Vt (siom 1),



m (V™ (w,r,0) =V, (s5,7,1)) >0 (G.4)

The sign of Z;ﬁ is equal to the sign of V,, (w,r,0) =V}, (s!,r,0). To show that Z;ﬁ is
positive, we first establish a preparatory result:
Wy (wr0) < [ (Vw0 =V (@r0)-cO)g@de+ (G
sh
pe [ (W (@ 0) = 1y (w0)) g o) i+
st
v [ Ui @) = Vi (0. 0) f () do
Define:
Q - /lwwmxﬁ)—V@mnm—cmﬁg@ﬁm+ (G.6)
sh

pe [ Vi 02.0) = i, (w,1,0)) g (0) do +

T

w

P / WV (27.1) = V. (w,1,0)) f (2) da

a
5j

Hence we need to show that 6V (w,r,0) < €2, implies 6‘/;:“ (w,r,0) < €., where, using
equation (B.1):
1 hEV™ (max [z > s, w],r,0) +
V;:—i—l (w7 r 0) — = pJ pr ( [ J ] ) (G7)
m+ QT+(m—p;?) |76 (w,r,0)

Multiplying through by ¢ and using the inductive hypothesis,

1 80, + p"Q,
SV (w,r,0) < b (G.8)
MO+ (=)
Cancelling common terms gives:
SV (w,r,0) < Q, (G.9)
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which was to be shown. Next we need to show that V! (w,r,0) > V,, (w,sf},O) im-

plies V" (w,r,0) > V,, (w,s!,0). V' (w,r,0) is given in equation (G.7). Using the

) <Cr)

inductive hypothesis gives:

1 "V, (w,st 0
Vi (w,r,0) > P (Vo (0:50,0)) (G.10)
m+0 | 10, 4 (m—ph)V,, (w,s",0)
Cancelling common terms and rearranging gives:
m (V' (w,r,0) =V, (w, st 0)) > =6V (w,7,0) +Q, > 0 (G.11)

where the last inequality follows from equation (G.9).

a
dsj

dpja-

The sign of is equal to the sign of: Ve (w,r,0) — Vi (8?, r,1), which we want to

show is positive. First we need to show a preparatory result:

w

Ve (w,7,0) < pj/
52 (w)

(Vpg (2,7,1) = Vi (w7, 0)) flx)de+  (G.12)

(o

a

/Sw (V(UJ,(IZ,l)_V(w,T,O)—Cj)g(q;)dl-

Define:

d; = pj /5“7 (VP? (@,7,1) = Ve (w, T, O)) f(z)dx + (G.13)

5 (w)

/Sw (‘7 (w,z,1) =V (w,r,0) — cj> g (z)dw

a

Hence we need to show that 6V (w,r,0) < ®; implies 5Vp’f;+1 (w,r,0) < ®;, where:
J J

X p?EVp’;é (max [x > s?,w} ,7 0) +
V;;Z?H (w,r,0) = s prEVy: (w, max [z > s, r] ,0) (G.14)
®; + (m —p? —pT) V;,gi (w,r,0)

Multiplying through by ¢ and using the inductive hypothesis,
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1 6P, + (ph + pl) @,

SV (w,r, 0) > (G.15)
Pj m+ 0 +(m—p —p,) @,
Cancelling common terms gives:
51/;3;“ (w,r,0) > ®; (G.16)

which was to be shown. Next, we need to show that Vi (w,r,0) > Vo (s?, T, 1) implies
J

Vpgﬁ,ﬂ (w,r,0) > Ve (s?,r, 1), where:

p?EV;;% (max [z > s" w],r,0)+
O+

‘/177‘;+1 (w7 T, O) - ; ’ (G17)

! m+0 pTEVZJa? (w,max [m > Sf,r] ,O) +

(m —pf = pr=) Vit (w,7,0)

Using the inductive hypothesis,

(P} + D7) Ve (54,7, 1) +
O+ (G.18)
(m =} = pr) Vi (s5,7,1)

Cancelling common terms and rearranging,

sz.i*l (w,r,0) >

m-+0

m (VTQ+1 (w,7,0) = Ve (s5,7, 1)) > d; — 5‘/;)23“ (w,r,0) >0 (G.19)

p;

where the last inequality follows from (G.16).
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